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ELLIPTIC SYSTEMS OF PSEUDODIFFERENTIAL EQUATIONS IN A
REFINED SCALE ON A CLOSED MANIFOLD
VLADIMIR A. MIKHAILETS, ALEXANDR A. MURACH
Abstrat. We study a system of pseudodierential equations that is ellipti in the sense
of Petrovskii on a losed ompat smooth manifold. We prove that the operator generated
by the system is Fredholm one on a rened two-sided sale of the funtional Hilbert spaes.
Elements of this sale are the speial isotropi spaes of HormanderVolevihPaneah.
1. Introdution
In this artile we onsider an ellipti in Petrovskii's sense system of linear pseudodierential
equations on a losed smooth manifold. It is well known (see e.g. [1, 2℄ ) that the operator
A orresponding to this system is bounded and Fredholm in appropriate pairs of the Sobolev
spaes. We investigate this operator in the Hilbert sale of the speial isotropi Hormander
Volevih Paneah spaes [36℄
Hs,ϕ := H
〈·〉s ϕ(〈·〉)
2 , 〈ξ〉 :=
(
1 + |ξ|2
)1/2
. (1)
Here, s ∈ R and ϕ is a funtional parameter slowly varying at +∞ in Karamata's sense. In
partiular, every standard funtion
ϕ(t) = (log t)r1(log log t)r2 . . . (log . . . log t)rn, {r1, r2, . . . , rn} ⊂ R, n ∈ N,
is admissible. This sale was introdued and investigated by the authors in [7, 8℄. It ontains
Sobolev's sale {Hs} ≡ {Hs,1} and is attahed to it by the number parameter s and being
onsiderably ner.
Spaes of form (1) arise naturally in dierent spetral problems: onvergene of spetral
expansions of self-adjoint ellipti operators almost everywhere, in the norm of the spaes
Lp with p > 2 or C (see survey [9℄); spetral asymptotis of general self-adjoint ellipti
operators in a bounded domain, the Weyl formula, a sharp estimate of the remainder in it
(see [10, 11℄) and others. They may be expeted to be useful in other "ne" questions. Due
to their interpolation properties, the spaes Hs,ϕ oupy a speial position among the spaes
of a generalized smoothness whih are atively investigated and used today (see survey [12℄,
reent artiles [13, 14℄ and the bibliography given there).
The main result of this artile is the theorem on boundedness and the Fredholm property
of the operator A in sale (1). The rened loal smoothness of a solution of the ellipti system
is obtained as a signiant appliation. Also some auxiliary results whih may be of interest
Date: 14/11/2007.
2000 Mathematis Subjet Classiation. Primary 35J45, Seondary 46E35.
Key words and phrases. Ellipti system, pseudodierential operator, regularly varying funtion, sale of
spaes, the Hormander spaes, the Fredgolm property.
1
2 VLADIMIR A. MIKHAILETS, ALEXANDR A. MURACH
by themselves are given. The ase of salar dierential operators was investigated earlier in
[8, 1518℄.
2. The statement of the problem
Let Γ be a losed (ompat and without a boundary) innitely smooth manifold of dimen-
sion n ≥ 1. We suppose that a ertain C∞-density dx is dened on Γ. By D′(Γ) we denote
the linear topologial spae of all distributions on Γ, that is D′(Γ) is a spae antidual to the
spae C∞(Γ) with respet to the extension of the salar produt in L2(Γ, dx) by ontinuity.
This extension is denoted by (f, w)Γ for f ∈ D
′(Γ), w ∈ C∞(Γ).
We onsider a system of linear equations
p∑
k=1
Aj,k uk = fj on Γ, j = 1, . . . , p. (2)
Here, p ∈ N and Aj,k, j, k = 1, . . . , p, are salar lassial (polyhomogeneous) pseudodierential
operators of arbitrary real orders dened on the manifold Γ (see e.g. [2, Se. 2.1℄). A omplete
symbol of the pseudodierential operator Aj,k is an innitely smooth omplex-valued funtion
on the otangent bundle T ∗Γ. A prinipal symbol of Aj,k whih is positively homogeneous
of order ordAj,k in every setion T
∗
xΓ \ {0}, x ∈ Γ and, moreover, is not identially equal
to zero, is also dened. We onsider equations (2) in the sense of the distribution theory, so
uk, fj ∈ D
′(Γ). We put for every index k = 1, . . . , p
mk := max {ordA1,k, . . . , ordAp,k} .
Let us assume system (2) to be ellipti in Petrovskii's sense , that is
det
(
a
(0)
j,k(x, ξ)
)p
j,k=1
6= 0 for eah x ∈ Γ, ξ ∈ T ∗xΓ \ {0}.
Here a
(0)
j,k(x, ξ) is the prinipal symbol of the pseudodierential operator Aj,k in the ase
ordAj,k = mk, or a
(0)
j,k(x, ξ) ≡ 0 in the ase ordAj,k < mk.
Let us rewrite system (2) in the matrix form: Au = f on Γ, where A :=
(
Aj,k
)
is a square
matrix of order p, and u = col (u1, . . . , up), f = col (f1, . . . , fp) are funtional olumns. The
mapping u 7→ Au is a linear ontinuous operator in the spae
(
D′(Γ)
)p
.
3. A refined sale of spaes
We denote by M the set of all Borel measurable funtions ϕ : [1,+∞) → (0,+∞) suh
that the funtions ϕ and 1/ϕ are bounded on every losed interval [1, b], where 1 < b < +∞,
and the funtion ϕ is slowly varying at +∞ in Karamata's sense, that is
lim
t→+∞
ϕ(λ t)/ϕ(t) = 1 for eah λ > 0.
Let s ∈ R, ϕ ∈ M. We denote by Hs,ϕ(Rn) the set of all tempered distributions u suh
that the Fourier transform û of the distribution u is a funtion loally Lebesgue integrable in
Rn whih satises the ondition∫
〈ξ〉2s ϕ2(〈ξ〉) |û(ξ)|2 dξ <∞.
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Here the integral is evaluated over R
n
, and 〈ξ〉 := (1+ ξ21 + . . .+ ξ
2
n)
1/2
. In the spae Hs,ϕ(Rn)
we dene the inner produt(
u, v
)
Hs,ϕ(Rn)
:=
∫
〈ξ〉2sϕ2(〈ξ〉) û(ξ) v̂(ξ) dξ.
The spae Hs,ϕ(Rn) is a speial isotropi Hilbert ase of the spaes introdued by L.
Hormander [3, Se. 2.2℄, [4, Se. 10.1℄ and L. R. Volevih, B. P. Paneah [5, Se. 2℄, [6,
Se. 1.4.2℄. In the simplest ase where ϕ(·) ≡ 1 the spae Hs,ϕ(Rn) oinides with the
Sobolev spae. It follows from the inlusions⋃
ε>0
Hs+ε(Rn) =: Hs+(Rn) ⊂ Hs,ϕ(Rn) ⊂ Hs−(Rn) :=
⋂
ε>0
Hs−ε(Rn)
that in the olletion of spaes
{Hs,ϕ(Rn) : s ∈ R, ϕ ∈M} (3)
the funtional parameter ϕ denes an additional (subpower) smoothness with respet to the
basi (power) s-smoothness. Otherwise speaking, ϕ renes the power smoothness.
The rened sale over the manifold Γ is onstruted from sale (3) in the usual way. Let
us take a nite atlas from the C∞-struture on Γ onsisting of the loal harts αj : R
n ↔ Uj,
j = 1, . . . , r. Here the open sets Uj form the nite overing of the manifold Γ. Let funtions
χj ∈ C
∞(Γ), j = 1, . . . , r, form a partition of unity on Γ satisfying the ondition suppχj ⊂ Uj.
Let us set
Hs,ϕ(Γ) := {h ∈ D′(Γ) : (χjh) ◦ αj ∈ H
s,ϕ(Rn) for every j = 1, . . . , r} .
Here (χjh) ◦ αj is the representation of the distribution χjh in the loal hart αj. The inner
produt in the spae Hs,ϕ(Γ) is dened by the formula
(f, g)Hs,ϕ(Γ) :=
r∑
j=1
((χjf) ◦ αj , (χj g) ◦ αj)Hs,ϕ(Rn)
and indues the norm ‖h‖s,ϕ :=
(
h, h
)1/2
s,ϕ
.
The Hilbert spae Hs,ϕ(Γ) is separable, ontinuously imbedded into the spae D′(Γ), and
independent (up to equivalent norms) of the hoie of the atlas and the partition of unity.
The olletion of funtion spaes
{Hs,ϕ(Γ) : s ∈ R, ϕ ∈M} (4)
is naturally alled the rened sale over the manifold Γ.
This sale admits an alternative intrinsi desription. Let the Riemannian struture on the
manifold Γ whih denes the density dx be given (it is always possible), and let △Γ be the
Beltrami-Laplae operator on Γ . For s ∈ R and ϕ ∈M, we dene the funtion
ϕs(t) := t
s/2ϕ(t1/2) for t ≥ 1 and ϕs(t) := ϕ(1) for 0 < t < 1.
We onsider the operator ϕs(1 −△Γ) in the spae L2(Γ, dx) as a Borel funtion of the self-
adjoint operator 1−△Γ.
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Proposition 1. For arbitrary s ∈ R, ϕ ∈M, the spae Hs,ϕ(Γ) oinides with the ompletion
of the set of funtions u ∈ C∞(Γ) with respet to the norm ‖ϕs(1 − △Γ) u‖L2(Γ,dx) whih is
equivalent to the norm ‖u‖s,ϕ.
The following renement of the lassial Sobolev theorem haraterizes separating possi-
bilities of sale (4).
Proposition 2. Let a funtion ϕ ∈M and an integer ρ ≥ 0 be given. The inequality∫ +∞
1
d t
t ϕ 2(t)
<∞ (5)
is equivalent to the ontinuous imbedding Hρ+n/2,ϕ(Γ) →֒ Cρ(Γ). The ontinuity of this imbed-
ding implies its ompatness.
4. The basi results
We denote by A+ a matrix pseudodierential operator formally adjoint to A with respet
to the form (·, ·)Γ. We set
N :=
{
u ∈
(
C∞(Γ)
)p
: Au = 0 on Γ
}
and N+ :=
{
v ∈
(
C∞(Γ)
)p
: A+v = 0 on Γ
}
.
The elliptiity of system (2) implies that the spaes N and N+ are nite-dimensional [2, .
52℄.
Theorem 1. For eah s ∈ R, ϕ ∈M the linear bounded operator
A :
p∏
k=1
Hs+mk, ϕ(Γ)→
(
Hs,ϕ(Γ)
)p
(6)
is dened. It is a Fredholm one, has the kernel N and the range{
f ∈
(
Hs,ϕ(Γ)
)p
:
p∑
j=1
(fj , wj)Γ = 0 for eah (w1, . . . , wp) ∈ N
+
}
.
The index of the operator (6) is equal to dimN − dimN+ and is independent of s, ϕ.
Aording to this theorem, N+ is the defet subspae of operator (6). Let's note [19℄, [2,
p. 32℄ that in the salar ase (p = 1) the index of operator (6) is equal to 0 if dimΓ ≥ 2.
Another suient ondition for this property is the elliptiity of system with a parameter on
a ertain ray K := {λ ∈ C : arg λ = const} [2℄.
Theorem 2. For arbitrarily hosen parameters s ∈ R, ϕ ∈ M and σ > 0, the following
a priori estimate holds:
p∑
k=1
∥∥ uk ∥∥s+mk,ϕ ≤ c
(
p∑
j=1
∥∥ fj ∥∥s,ϕ + p∑
k=1
∥∥uk ∥∥s−σ
)
.
Here the number c > 0 is independent of vetor-funtions u, f = Au.
ELLIPTIC SYSTEMS IN A REFINED SCALE 5
If the spaes N and N+ are trivial, then operator (6) is a topologial isomorphism. Gener-
ally, it is onvenient to dene the isomorphism with the help of two projetors. Let's onsider
the spaes in whih operator (6) ats. Let us deompose them in the following diret sums of
the losed subspaes:
p∏
k=1
Hs+mk, ϕ(Γ) = N ∔
{
u :
p∑
k=1
(uk, vk)Γ = 0 for eah (v1, . . . , vp) ∈ N
}
,
(
Hs,ϕ(Γ)
)p
= N+ ∔ A
( (
Hs,ϕ(Γ)
)p )
.
We denote by P and P+ respetively the oblique projetors of these spaes onto the seond
terms in the sums. The projetors are independent of s, ϕ.
Theorem 3. For arbitrary s ∈ R, ϕ ∈ M, the restrition of operator (6) onto the subspae
P (
∏p
k=1 H
s+mk, ϕ(Γ) ) establishes the topologial isomorphism
A : P
(
p∏
k=1
Hs+mk, ϕ(Γ)
)
↔ P+
( (
Hs,ϕ(Γ)
)p )
.
5. An appliation
Let Γ0 be an open nonempty subset of the manifold Γ. Denote
Hs,ϕloc (Γ0) := {f ∈ D
′(Γ) : χ f ∈ Hs,ϕ(Γ) for eah χ ∈ C∞(Γ), suppχ ⊂ Γ0} .
Theorem 4. Suppose that a vetor-funtion u ∈
(
D′(Γ)
)p
is a solution of the equation Au = f
on the set Γ0, where f ∈
(
Hs,ϕloc (Γ0)
)p
for some parameters s ∈ R and ϕ ∈ M. Then
u ∈
∏p
k=1H
s+mk,ϕ
loc (Γ0).
This theorem speies, with regard to rened sale (4), known propositions on loal lifting
of interior smoothness of an ellipti system solution in the Sobolev sale (see e.g. [20, 3, 21℄).
Note that the rened loal smoothness ϕ of the right-hand side of the ellipti system is
inherited by its solution. Theorem 4 and Proposition 1 imply the following suient ondition
for a hosen omponent uk of the solution of system (2) to have ontinuous derivatives of a
presribed order.
Corollary 1. Suppose that vetor-funtions u, f ∈
(
D′(Γ)
)p
satisfy the equation Au = f on
Γ0. Let integers ρ ≥ 0, k = 1, . . . , p, and a funtion ϕ ∈ M be suh that inequality (5) is
true. Then (
fj ∈ H
ρ−mk+n/2,ϕ
loc (Γ0) for every j = 1, . . . , p
)
⇒ uk ∈ C
ρ(Γ0).
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